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ABSTRACT. Let c > be a fixed constant. Let < r < s be an arbitrary pair of 
real numbers. Let a, b be any pair of real numbers such that | 6 — a | < c{s — r). Define 
to be the set of continuous real- valued functions on [r, s] , and define Cr to be the 
set of continuous real- valued functions on [r,+oo). Finally, consider the following sets of 



Lipschitz functions: 

A^ = { a: e I \x{v) — x{u) \ < c\v — u\, for all u,v E [r, s] }, (1) 

Ar — {x E Cr \ \x{v) — x{u)\ < c\v — u\, for all u,v E [r,+oo)}, (2) 

A^;^ = {xeA'^\ x{r) = a, x{s) = 6 }, (3) 

A^^„ = {xGA^|x(r) = a}, (4) 

A'/ ^{xeA'^\x{s) = b}, (5) 

Ar,a = {x e Ar \ x{r) = O }. (6) 



We present a general method of constructing an uncountable family of regular Borel mea- 
sures on each of the sets (1), (2), and an uncountable family of regular Borel probability 
measures on each of the sets (3)-(6). Using this method, we give a definition of Lebesgue 
measure on the sets (1) and (2), and a definition of the uniform probability measure 
on each of the sets (3)- (6). 

Key words: infinite dimensional Lebesgue measure, Lipschitz functions, Radon measures, 
uniform probability probability measure. 

Mathematical Reviews subject classification: 26A99, 28C05, 28C15, 28C20, 60G05, 
81S40. 
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1. INTRODUCTION 



Let c > be a fixed constant. Let R be the set of real numbers. For eadi interval / C R, 
let A(/) be the set of functions a: : J — > R such that x satisfies the Lipschitz condition 

\x{t) — x{s)\ < c\t — s\, for all, s,t&I. 

Let r, s be any pair of real numbers such that < r < s. Define 

K = A{[r,s]), A, = A([r,+oo)). 
Finally, let a, b be any pair of real numbers such that |fe — a| < c(s — r). Then define 

A^'^; = { X e I x{r) = a, = 6 }; (1) 

K,a = {xeA'^\ x{r) = a}; 
A^'^ = {x e A^ I x{s) = b}; 
Ar,a = { X e Ar I x{r) = a }. 

The main result of the present paper (Sections 2 and 3) is a general method of 
constructing an uncountable family of regular Borel measures 

\s,b \s \8,b \ (^\ 

K-1 (3) 

respectively, on each of the following sets: 

AS, 6 AS AS,b A . 

Ar. (5) 

Each Borel measure in (2) is a probability measure, constructed as the continuous image 
of Lebesgue measure under a certain family of continuous surjective mappings 

^p^', : n^, ^ Kil <pp' -.n ; ^ K'\ f],^A,,,. (6) 

Each of the spaces 

fi'^, n'^, n'^, (7) 

is endowed with Lebesgue measure, and has the form [0, 1]^, where A is some indexing set. 
Likewise, each Borel measure in (3) is constructed as the continuous image of Lebesgue 
measure under a certain family of continuous surjective mappings 

^^iQ^^A^, ^r-^^K, (8) 

where each of the spaces 

Q ^, Qr (9) 
has the form [0, 1]^ for some indexing set B, and is endowed with Lebesgue measure. 
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In Section 4, certain members 



\s,b \s X'^'^ \ 



of the uncountable family (2) are singled out and defined to be the uniform probability 
measure on the spaces 



and certain members 



of the uncountable family (3) are singled out and defined to be Lebesgue measure on 
the spaces 

A?, Ar. (11) 



2. CONSTRUCTION OF THE FUNCTIONS 



In this section we construct the families of continuous surjective mappings mentioned in 
(6) and (1) of the introduction. 

Definition 2.1. Let < r < s be given. Let (r, a), (s, b) be two given points in the plane. 
Define 

Fr,a = { (''^5 •^) I < ^ and a — c{t — r) < x < a + c{t — r)} , 
Bs,h — {{t,x)\t < s and h — c{s — t) < x < & + c(s — t) }, 
ps,b p nBu 

Proposition 2.1. For arbitrary pairs (r, a), with < r < s, we have 

P;'„V0 if and only if \b - a\ < c{s - r). 

If P^'^ 7^ 0, then P^'J* is either the hne segment connecting (r, a) to {s, b), or P^'^ is a 
nondegenerate paraUelogram containing this hne segment. 

Proof. The proof of this proposition is routine. | 

Definition 2.2. Assume that P/'^ 7^ 0. Let u — ^(r + s). Define Ip^ to be the projection 
of the following set onto the x-axis. 

{iu,x)\ - 00 <x < +00 } n P/'^. 

Because P^'J" is a parallelogram containing the line segment joining (r, a) to (s,6), and 
because r < u < s, we see that I*'^ is either a point or a nondegenerate closed interval 
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Proposition 2.2. The intervals Ip^ are given hy 

[ 6 — |c(s — r), a + |c(s — r) ], if a < 6; 
[a — \c{s — r),h + \c{s — r)]^ if 6 < a. 



TS,h 

r,a 



Proof. The proof of this proposition is clear. | 

Definition 2.3. We shall assume that for each pair {r,a), (s, of points in the plane 
such that < r < s and P/'^ ^ 0, we are given a continuous function 

Ki ■■ [0, 1] - 

mapping [0, 1] onto Ip^. Wc shall also assume that the mapping (a, b, r, s, ^) i-^ ^rltiC) 
continuous on the set Dx, where 

i:);^ = {(a, 6, r,s,C) e |0 < r < s, \h - a\ < c{s - r), and Ce[0, 1]}. 

Proposition 2.3. Assume that P^^l hetu=\{r + s). Ifd = Xp^HO, where ^ e [0, 1] 
is arbitrary, then 

(Tj _z pu,d ps,b f- ps,b 

Proof. We will only prove that ^ P^if C P^'^ and P^if C P/'^. The rest of the proof is 
similar. Also, we only give the proof for the case where a<h, the proof for the case h <a 
is similar. We the have 

1 1 

Iri=[^- ^<s-r),a+ -c{s-r)]. 

Because d = A^'^((^), it follows from Definition 2.3 that d e /^'^, therefore 

1 1 

h — -c{s — r) < d < a + -c{s — r). (1) 

By Proposition 2.1, to prove that P^if ^ 0, it suffices to prove that 

\d-a\<c{u-r). (2) 

Note that u — r = ^(s — r). Hence, from (1), 

d < a + -c{s — r) = a + c{u — r). 

It also follows from (1) that 

d> b — — r) = b — c{u — r) > a — c{u — r). 

We conclude that 

a — c{u — r) < d < a + c{u — r). 
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Therefore, \d - a\ < c{u - r), hence (2) holds. To prove that P;^^'^ C P^'^, let {t, x) e P^^jf 
be arbitrary. Then by definition, r <t < s and 

a — c{t — r) < X < a + c{t — r), 
d — c{u — t) < X < d + c{u — t). 

We have u — r — s — u, and by (2), d < a + c{u — r), consequently, (3) implies that 

X < d + c{u — t) 
< [ a + c{u — r) ] + c{u — t) 
= a + c{s — u) + c{u — t) 
<b + c{s — u) + c{u — r) 
= b + c{s — r). 

Thus, X <b + c{s — r). Similarly, we see that b — c{s — r) < x, therefore, 

b — c{s — r) < X < b + c{s — r). 

Hence, by definition, (t, x) G Bg^b- The same type of argument shows that {t,x) e -Fr.aj 
consequently, (t, x) e Fr,a n Bs,b = Pri- This proves that P^^f C P^^^. | 

Definition 2.4. Let < r < s be arbitrary, and let a,b be real numbers such that 
P^i ^ 0. Define 



^n3=r+j^{s-r), 0<j<2^, n = 0,l,2, 



For n> 1, deGne 



= 

r,n 


{in,- |0<i<2-}, 




oo 


= 


U ^r!n, 






= 

r 


[0,1]^- 


>s,b ^ 
r.a 1 ^ 


. Tien there exists 



such that for each oj e Q^, (pp^^{oj) satisGes conditions (a)-(c) below. For each n > 1, we 
define 

amj{u^) = V;:aH{tmj), < j < 2"^, < m < n. 

Write 

Tfic properties that (fiuj) has arc as follows, 
(a) For alll<m<n andl<j < 2"^-^ 

p^m,2j — liO'm,2j — 1 p^m — l,jt^m — l,j ^ p^m — l,jt^m — l,j 

^m — — 1 jOl-m — — 1 ' ^m,2j — 1 )'3'm,2_7 — 1 ^m — — 1 jOl'm — — 1 
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(b) For aUl<m<nandl<j < 2^"^ 

(c) p*"^'""^^ ^0, 1< 7 < 2". 

Proof. Fix a; G O^. We will use induction on n to define (^{u) — <^^'^(a;) consistently on 
each Vn = V^.^. 

Define (p{(jj) on Vi = tn as follows. First, define 

ip{uj){r) = a, ip{uj){s)^b. 

Because P^'^ ^ 0, Definition 2.3 gives a function 

Define (f{uj) on Vi by 

Define w = tn = ^(r + s). Then Proposition 2.3 implies that, with d = A^'^(a;tj J, 

It is now easy to see that (a)-(c) hold for n = 1. 

Now assume that (p{uj) has been defined on Vn in such a way that (a)-(c) hold, 
where n > 1 is given. We will then define fioo) on Vn+i in such a way that (a)-(c) hold 
when n is replaced by n + 1. That is, we want to define (p{uj) on T^i+i so that the following 
conditions hold. 
{a') For all 1 < m < n + 1 and 1 < j < 2"^-\ 

/ pim,2j — 1 ^0'm,2j — 1 ptm—l,j^^in—l,j ^ p^m — l,j-jOim—l,j 

' ^TTt— 1 lOl-m.— 1 ' im,2j — 1 ^0'm,2j — 1 tm—ljj — l^^m—ljj — l 

{b') For all 1 < m < n + 1 and 1 < j < 2"^-^ 

To define <^(a;) on Hi+i, let < A; < 2'^'^^ be arbitrary. Then k has one of the 
following forms. 

r 2j, 1 < i < 2"; 

l2i-l, l<i<2". 
In case, k = 2j, we have tn+i,fc = tn+i,2j = ^nj; ^ind hence we define 

Suppose that k — 2j — 1. By (c) of the inductive hypothesis, we have 

ptnj ,anj / 

in,j — l^^n,j — l 
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Hence, by Definition 2.3, we are given a function 

ytnjjO-ni ■ fO ll > jtnj,0,nj 

in,j — — 1 L ' J ^n,j — l?^Ti,j — 1 

Now define 

an+l,k = ^{uj){tn+l,k) = >il'f_^,U^j_,{^tr,+iJ- 

This defines 95(0;) on Vn+i- 

To prove (a'), let I < j < 2"^~^, where 1 < m < m + 1. Suppose that m < n, then 
by the inductive hypothesis, (a) holds for n. Because m < n, (a') reduces to (a). On the 
other hand, suppose that m = n + 1, and let 1 < j < 2'^~^ = 2"'. Define 

_ 1 

U — tn+l,2j-l — -^{tn,j-l + tnj)- 

Then Proposition 2.3 implies that, with 

= (^(a;)(t„+i,2j-i) 

= «n+l,2j-l) 

we have 

^' tn,j-l,an,j-i' u,d — tn,j-l,an,j-i' 

This statement is equivalent to (a') for the case where m = n + 1. We conclude that {a') 
holds for all 1 < m < 77. + 1. 

To prove (6'), let 1 < m < n + 1, and let 1 < j < 2"^~^. If m < ri, then by the 
induction hypothesis, (6) holds, and hence (6') holds because {b') reduces to (6). On the 
other hand, suppose that m = n + 1. Then by definition, 

yinjiO-nj / \ 



\tm—l,j-iO"m—l,j / \ 



which is {b') for the case m — n + 1. We conclude that (6') holds for all 1 < m < n + 1. 
To prove (c'), let 1 < A; < 2'^'^^. Then A; has one of the following forms. 

2j, l<j< 2-; 

2i-l, l<i<2". 

Suppose that k — 2j. We proved above that (a') holds, hence, with m = n + 1 in (a'), we 
have 

pin-\-l,k^^'n-\-l,k p^nj :^nj ^1 

*ri+l,fc-l tn+l,2j-l,an+l,2j-l ' 

On the other hand, suppose that k = 2j — 1. Then by (a'), with m = n + 1, we have 

ptn + l,k ,0,n + l,k ptn + 1 ,2j — 1 ,0,n + l ,2j — 1 I Q. 
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Because 1 < k < 2'^'^^ is arbitrary, we conclude that (c') holds. Therefore, {a') — (c') hold, 
and hence we have completed the inductive definitions of <^(a;) on each in such a way 
that (a)-(c) hold for each n. 

To complete the definition of f{u>) function on 

CXD 

n=l 

we show that 9?(a;) is consistently defined on V^. To this end, not first that by the above 
construction, (f{u>) has the property that for all n > 1, ip{ui){tn+i,2j) = f{'^){tnj), for 
< j < 2". Now let 1 < m < n, and let tmj e Vm, that is, let'o < j < 2"^. Then 
e Vn- Hence we have 

V?(^)(*nJ2"-'") = </'(<^)(*n-lJ2"-i-'") = • • • = (p(uj)(tmj)- 

This shows that (^{w) is a well defined function on V^'*. This completes the proof of the 
theorem. | 

Theorem 2.2. Assume that P^^^ ^ 0, where < r < s. For any ui e Vf^, the function 
satisfies 

\^t-i{io){v) - ^P^',{uj){u)\ < c\v - u\, (1) 

for all u,v E V^. 



Proof. Fix u G O^, and let x = ipp^{uj) = <f{uj). Since V^^ = IJ V^^, we prove (1) by 

n=l 

induction on n. For n = 1, V^i = tn , and hence (1) holds for n = 1. Now assume that (1) 
holds for u,v E V^^^, where n> 1. Then we want to prove (1) for u,v E To this end, 

let u = tn+i,p and v = tn+i,q be arbitrary members of V^^j^^, where < p < q < 2'^'^^. 
Then p has the form 



p 



2i, 




1 < j < 2^^: 


2j- 


1, 


1 < j < 2"", 


2k, 




1 < A; < 2" 


2k - 


1, 


1 < < 2^ 



and q has the form 



Therefore we must consider the following cases. 

(o) p — 2j and q = 2k, where < j,k < 2^, and j < k. 

(b) p = 2j and q = 2k-l, where < j,k < 2"", < k < 2", and 2j <2k-l. 

(c) p = 2j - 1 and g = 2k, where < j < 2", < A; < 2", and 2j - 1 < 2k. 
{d) p = 2j - 1 and g = 2fc - 1, < J < 2", < A; < 2'^, and 2j - 1 < 2A; - 1. 

Assume that (a) holds. We have u = tn+i,p — tn+i,2j = tnj and v — tn+i,q 
tn+i,2k — ink, and u,v E V^^, therefore (1) holds by the induction hypothesis. 
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Now suppose that (b) holds. Then because 1 < A; < 2"^, Theorem 2.1(a) imphes that 

ptn + l,2k-l,0'n+l,2k-l / 
irh,k — lt^n,k — l ' 



Hence by Proposition 2.1, we have 

\x{v) - a;(tn,fe-i)| < c(v - in,fc-i)- (2) 
Condition (6) implies that j < k — 1. If j = /c — 1, then by (2), we have 

\x{v) - X{u)\ = \x{v) - X{tn,k-l)\ 
< c{v - tn,k-l) 

= c\v — u\. 

On the other hand, suppose that j < k — 1. By the induction hypothesis, we have 

l^(^nm) x{tn,m—l}\ — c(tnm, ^n,m— l)) 

for J < m < A; — 1. Therefore, (2) implies that 

\x{v) - X{u)\ = \ [x{v) - X{tn,k-l)] H h [x{tn,j + l) - x{tnj)]\ 

< \x{v) - x{tn,k-l) \ H h \x{tn,j+l) " x{tnj)\ 

< C{V - tn,k-l) H 1- C{tn,j + 1 - tnj) 

= c{v — u). 

Hence, (b) implies (1). 

Similar arguments show that (1) holds if either (c) or (d) is true. Hence, (1) holds 
for all u,v e follows by induction that (1) is true for all u,v eV^. | 

Corollary 2.1. Under the hypothesis of Theorem 2.2, for any a; e fi^, we have 



\^ti{u;){v) - vti{u;){u)\ < c\v - ul (1) 



for all u,v e U { r, s } . 



Proof. Set (p{uj) = (^*'^(a;).Let i/, v e V/ U { r, s }. We consider the following cases, 
(a) u = r, V ~ s. 
{b) u,v e V^". 

(c) u = r, V e V^. 

(d) u e y/, V = s. 

Assume that (a) holds. Because P*'^ ^ 0, we have | & — a| < c(s — r), i.e., 

\ip{uj){s) - ip{uj){r)\ < c\v - u\, 

which is (1) for tt = r, f = s. If (6) holds, then (1) follows from Theorem 2.2. Suppose 
that (c) holds. Let v e V^*^, say v = tnj-, < j < 2"'. Then u = r = tn,o- By Theorem 
2.1(c), we have Pt^Q^an o ^' ^^^^e Proposition 2.1 implies that 

\(f{uj){tn,l) - (p{uj){tn,Q)\ < c{tn,l - tn,o), 
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that is, 

Mu;){tn,i) - <f{u;){r)\ < c{tn,i - r). (2) 
Then by Theorem 2.2 and (2), we get 

\^{u}){v) - ^(cj)(w)| = \^{uj){tnj) - ¥^{uj){r)\ 

< \(f{u;){tnj) - (p{u;){tn,j-i)\ + ■■■ + \(fi{u;){tn,i) - <f{uj){r)\ 

< C{tnj - tn,j-l) H h C{tn,l - r) 

= citnj - r) 
= c\v — u\, 

which is (1) for the case where u = r, v & V^. The proof of (1) for the case (d) is similar 
to the proof of (1) for the case (c). | 

Definition 2.5. For P^'^ 0, define 

= { X : [r, s] ^ R \ X is continuous on [r,s]}, 
Cr,a ^ {x eC^\ x{r) = a, x{s) = 6 }, 

= {x G \\x{v) — x{u)\ < c\v — u\, for all u,vE[r,s]}, 

= { (a, b) eR^\\b-a\< c{s - r) }. 
Proposition 2.4. Assume that P^j^ ^ 0. Then for any uj e fi^, the function 

can be uniquely extended to a function (fip^^{u>) e A^'^. 

Proof. Fix UJ e O,, and set (^^'^(a;) = According to CoroUary 2.1, we have 

\(p{uj){v)-(p{u;){u)\<c\v-u\, (1) 

for aU u,v e U {r, s}. To define (^(o;) on aU of [r, s], let w e [r, s] be arbitrary. The 
set U {r, s} is dense in [r, s], hence there exists a sequence in [r, s] such that 
lim Un — u. Then (1) implies that the sequence (<^(a;)(itn)) is a Cauchy sequence in R, 

n — >oo 

therefore we may define 

^{io){u) = lim (p{L0){Un). 
n^oo 

It is easy to see that (1) then implies that 

\(p{uj){v) — Lp{uj){u)\ < c\v — m|, 

for all M, v G [r, s]. Thus, the extended function '{){oj) : ^ R is in A®'^. It is clear 
from the definition of ^{uj) on [r, s] that this extension is unique. | 
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Lemma 2.1. Assume that P^'J* ^ 0. Let u — ^(r + s). Assume that d e R satisfies the 
following conditions. 

\d — a\ < c{u — r); (1) 
\d — b\ < c{s — u). 



Then d E Ip^. 

Proof. We give a proof for the case where a < b. The proof for the case a > & is similar. 
By Proposition 2.2, 

Ir:a = [b-lc{s-r),a+lc{s-r)]. (2) 



Hence (1) imphes that the foUowing conditions hold. 



a-^{s-r)<d<a+^{s-r); (3) 

c c 
b — - {s — r) < d < b + -{s — r). 



Then by (2) and (3), we get that d e 7*;^. | 
Theorem 2.3. For P^^l 0, the function 



is onto. 



Proof. Let x G A^'^. For n > 0, define Onj = x{tnj), where < j < 2". Because x e A*'^, 
for any n> 0, and for any 1 < j < 2"^, we have 



\a. 



Therefore, for any n > 0, and for any 1 < j < 2*^, Proposition 2.1 implies that 

pt„„a ^0. (1) 



Condition (1) and Definition 2.3 then imply that for any n > 0, and for any 1 < j < 2"', 
we are given the surjective function 

ytnj )0-nj ■ [0 ll ^ J-tnjjO,nj 

^n,j — l^f^n.j — 1 L ' J — l:^n,j — 1 

We will construct by induction an a; e such that for all n > 1, the following equation 
holds: 

xitr,,2j-i) = A;::^jl'^"-:i_,(a;,„,,^._J, 1 < i < (2) 

To prove (2) for n — 1, note first that because P/',^ ^ 0, Definition 2.3 gives the surjective 
function 

Kla • [O5 1 ] ^ ^r'a- 
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Because x e A^'^ and tn = ^(s + r), we have 

\x{tii) - a\ = \x{tii) - x{r)\ < c{tii - r); (3) 
\b-x{tii)\ = \x{s) - x{tii)\ < c{s - til). 

Lemma 2.1 and (3) then imply that x{tii) e Hence there exists cut^^ e [0)1] such 

that 

x{tii) = Kiioot,,) (4) 

\toi,a-oi ( , , \ 

Statement (4) gives that (2) holds for n = 1. Therefore, as the inductive hypothesis, we 
assume the n > 1 is given, and that the numbers ujt^. , < j < 2" have been constructed 
in such a way that (2) holds for n. We then want to prove (2) for the case where n is 
replaced by n + 1, that is, we want to construct numbers fc, < A; < 2"'+-^ in [0, 1] 

such that the following statement holds: 

a:(Wi,2,-i) = A;:;;!:X ._^(a;,„^,,,^_J, l<j< 2-. (5) 

To construct uJtr,+i,k^ < A; < 2"+^, let 1 < A; < 2"'+^ be arbitrary. Then k has one of the 
following forms. 

2i, l<3< 2-; 

k 

lik = 2j, \ <j< 2^, define 



2j-l, l<j<2-. 
0;+ , , , = 0;+ . . 



Assume that k = 2j — 1, l<j< 2^. Because x e A^'^ and tn+i,2j-i = ^(^nj-i + inj), 
we have 

|^(^n+l,2j-l) — (ln,j-l\ = |a^(^n+l,2j-l) — x{tn,j-l) \ < c{tn+l,2j-l — tnj-l)] (6) 



a 



nj 



x{tn+l,2j-l)\ — \x{tnj) — x{tn+l,2j-l)\ < c{tnj — ^n+l,2j-l)- 



It follows from (6) and Lemma 2.1 that 

X{tn+l,2j-l) e Ji„,i-i,a„,,_i- 

Consequently, there exists 'jJt^j^^^2j-i ^ [0)1] such that 

a^(Wl,2j-l) = AS"^,'!T'a„,,_i('^U+l,2j-l)- (7) 



)n+l 



This defines wt^^^ = (^t„_^i j^-i • 1^ follows from (7) that the numbers wt„_,_i ^ , < A; < 2*^ 
satisfy (5). This completes the inductive construction of a; e fi^ such that (2) holds for all 
n > 1. We claim that for n > 1, 



^(^n,) = <'^M(ini)) 1<J<2-. (8) 
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We prove (8) by induction. To this end, write (p{uj) = (pp^^{uj). For n > 0, define 
According to Theorem 2.1(b), for n > 1, we have 

^H(t„,2,-i) = At:;-':,,^^;_^_^M(tn,2,-i), i<j< (9) 

A simple computation shows that 

x{t^^) = ip{u){t^^) = K^',{uJt,,), 

and hence (8) holds for 77. = 1. Now assume that (8) holds for n > 1. We want to then 
prove that (8) holds when n is replaced by n + 1, i.e., 

X{tn+l,j) = 1 < J < 2"+^ (10) 

Let 1 < A; < 2'^'^^ . Then k has one of the following forms. 

( 2j, l<j< 2-; 

Uj-l, l<j<2-. 
If A; = 2j, I < j < 2"^, then by the inductive hypothesis, (8) holds, and hence 

X{tn+l,k) = X{tn+l,2j) = x{tnj) = (p{uj){tnj) = (p{uj) {tn+1 ,2j) = V^(^) (^n+l,fc) • (H) 

On the other hand, suppose that k = 2j — 1, 1 < j < 2"^. By the induction hypothesis, (8) 
holds, hence we have 

an,j-l = X{tn,j-l) = ip{uj){tn,j-l) = bn,j-l, (12) 
ttnj = x{tnj) = <f{u){tnj) = bnj ■ 

By (2), (9), and (12), we get 

X{tn+l,k) = X{tn+l,2j-l) = >il'f_Zar.^^-^{^tr.+i,2^-i) (13) 

= (p{uj){tn+l,2j-l) 
= (p{u)){tn+l,k)- 

Statements (11) and (13) prove (10). Hence, by induction, the claim (8) holds for all n>l. 
Statement (8) is equivalent to the following: 

x{t) = ip{u){t), teV^'. 
Because x, (p{ijj) e A*'^, we see that (8) implies 

x{t) = <p{uj)it), te{r, 4uy/. 
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The set { r, } U is dense in [ r, s ] , therefore we have 

x{t) ^ if{uj){t), te[r,s], 

i.e., 

It follows that the function 

r^r,a • ^'r -'V,a 

is onto. I 

Lemma 2.2. Let t/ be any open subset of such that 
Let xq E A^n U. Then there exists a S > such that if 

T : r = to <ti < ■ ■■ < tn-l <tn = s 

is any partition of[r,s] with 

max Atj < 5, (1) 

1< j<n 

then there exist open intervals It^ , < j < n, such that 

xoeA'^nUrQ U, (2) 

where 

Ur = {xeC^\ x{tj) e It,, < j < n}. 

Proof. Because U is open in and G C/, there exists an e > such that if x e with 
I — xol I < e, then x & U. Define S = — e, and assume that 

DC 

T : r = to < ^1 < • • • < tn-l <tn = s 
is a partition of [r,s] satisfying condition (1). Define 

It. = ^ xo{tj) - ^e, xo{tj) + ^ , < j < n. 

Let x e A* n Ur- Let t e [r, s] be arbitrary, say tj-i < t < tj, for some I < j < n. 
Because x E Ur, we have \x{tj-i) — xo{tj-i)\ < -e, and consequently (1) implies that 
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\x{t) - Xo{t) \ < \x{tj) - X{t) \ + \x{tj) - X{tj-i) \ + \x{tj-i) - Xo{tj-i)\ 
+ \xo{t) - Xo(tj-i)| 

< c{tj -t) + c{tj - + ^e + c{t - tj-i) 



1 

— I. 
2 

1 

l<r<n ' 2 



< ScAtj + -e 



< 3c max Atj + -e 



< 3cS +-€ = €. 

This shows that ||a; — xo|| < e, i.e., x E U. Therefore (2) holds. | 
Definition 2.6. Let n> 1 be an arbitrary positive integer, and define 

Let u eQ^ be arbitrary. For 1 < j < 2", define 

DeGne the function tt^ : 1) ^ ^l^ ,^ by 

TTniu) = (a;t„,,...,a;t„,„_J. 

Theorem 2.4. Let < r < s be fixed real numbers. For eacli n> 1 and for all < j < 2", 
there exists continuous functions 

$nj '■ L^ X Q^ ,^ R, 
such that for any (a, b, a;) e x il*, 

V'rii^)itnj) = dnj{a,b,7rn{co)), < J < 2". (1) 

Proof. Write = O, = L and = O^. We will prove (1) by induction on n > 1. 
To prove (1) for n = 1, let (a, 6, a;^^^ e L x fii be arbitrary, and define 

Oij : LxCii^R, 0<j<2 

by 

9io{a, b^ut^i) = a, (2) 

Oi2{a,b,uJt^J = b. 
Then for any (a, b,uj) E L x Q, Theorem 2.1(b) implies that 

Vp,»itii) = KiM = Oi,{a,b,uJtJ = e^,{a,b,7v^{u;)). (3) 
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Also, by definition, we have 

(^{uj){tio) = a = 6*10(0, b, cut, J = Oio{a, b, 7ri(cu)), (4) 
'^{i^){ti2) = 6 = 6'i2(a,6,cJtiJ = Oi2{a,b,7Ti{u)). 

The functions 6*10 and 9i2 are clearly continuous on L x fli. It follows from Definition 2.3 
that the function 

is a continuous function on L x Qi. Hence (3) and (4) together give (1) for the case n = 1. 
Now assume that n > 1 is given and that there exist continuous functions 

such that (1) holds. We then want to construct continuous functions 

: L X 0^+1 ^ R, 0<j<2^+\ 

such that for all (a, 6, cj) e L x f], the following statement holds: 

ipt.iiuj)itn+i,k) = ^n+i,fc(a,fe,7rn+iM), 0<k< 2"+^ (5) 

To this end, let (a, b.ujt^^^^^, ■ ■ • )<^t„_^i 2"+i-i) ^ ^ x ^n+i, and let < /c < 2"^+^. Then k 
has one of the following forms: 

2i, < J < 2^; 

2j-l, l<j<2-. 
If /c = 2j, < j < 2^, then define 

6'n+i,fe(a,6,a;t„_^i 1, . . ■ , ^t„+i^2„+i,_i) = dnj{0',b,uJtr,i, ■ ■ • > '^t„,2"-i)- (6) 

On the other hand, assume that k = 2j — 1, 1 < j < 2", and let a;""*"^ e f2 be any member 
of such that 

7rn+i(a;'^+^) = (a;t„_^i a;t^_^^ ,^„_^i_ J. 

Then we have 

7rn{uj''+^) = (u;t„,,...,a;t„2n_i). 
By the induction hypothesis, (1) holds for n, hence we have 

en,j-i{a,b,ujt^^,...,ujt^^^^_j = 

Therefore, we have 

\6njia, b,ujt„^, . . • ,a;t„,2"-i) - On,j-i{a, b, ut^^, . . ■ ,a;t^,2n-i)l 

^ ^{tnj ^n,j — l)- 



A; 
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Consequently, we have 

{9n,j-i{a, b,ut^^, . . . ,u;t^^„_J,9nj{a,b,uJt„j^,. . . ,u;t^^^^_^),tn,j-i,tnj:UJt2j-i ) ^ Dx. (7) 
Therefore, by Definition 2.3, if we write 

K,j-i = On,j-i{a,b,uJtr,i,- ■ ■ )^t„,2"-i)) (8) 

then (7) imphes that we may define 

Definitions (6) and (9) together give the definition of On+i,k on 0,n+i, for < /c < 2'^'^^. 
By Definition 2.3, the functions 

are continuous on Dx, and by the induction hypothesis, the functions 9nj, 9n,j-i are 
continuous on L x fin, hence (6), (7), and (9) together imply that for < A; < 2"+^, dn+i,k 
is continuous on L x fln+i- To show that (5) holds, let (a, b,uj) & fl and let < A; < 2"'+^. 
Set 

7rn+i(a;) = iuJtr,+i,i,- ■ ■ > '^t^+i.a^+i-i)- 
Then k has one of the following forms: 



2j, < j < 2^; 



k 



l<j<2^. 

II k — 2j , < j < 2^ , then by the induction hypothesis and (9) together imply that 

= <'^(a;)(Wi,2,-) (10) 

= dnj{a,b,ujt^-^, . . • ,a;f„,2»-i) 
= On+i,2jia,b,7rn+iioj)) 
= On+i,k{a,b,7rn+i{uj)). 

On the other hand, if /c = 2j - 1, 1 < j < 2^, then by Theorem 2.1(b) and (9) 
together imply that 

V^rii^){tn+l,k) = <'^(a;)(Wl,2,-l) (11) 
= '^!"'i-T'a„,,_i('^)(Wl,2j-l) 

= Klj-Zbr.,j-i (^)(Wl,2i-l) 

= dn+l,2j-l{a,b,UJt„^^ .„ . . • 5'^t„_^i_2„+i_i) 

= On+i,kia,b,Trn+iiuj)). 
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Statements (10) and (11) together prove (5). Therefore the inductive proof of (1) is com- 
plete. I 

Theorem 2.5. Fix < r < s. Define the function 

by 

4>r{a,b,u) = <'^(^^), (a, 6, a;) G: x O^. 
Then (f)^ is continuous. In particular, for any (a, b) & L^, the function 

is continuous. 

Proof. Set = 0* and (p-^ = 4> . For n > 1 and < j < n, set O^^^ = fin- Let 
(ao, bo,w^) E L X Q he arbitrary, and define 

xo = (f){ao,bo,uj^). 

Let U be any open set in such that xq e U. We want to find an open set X in L x O 
such that 

(ao, bo,u;o) G X and 0(X) C U. (1). 

To prove (1) let 5 > (with respect to U) be a positive number given in the hypothesis of 
Lemma 2.2. Select n > 1 so large that 

^{s-r)<S. (2) 

Let Tn be the partition of [r,s] defined by 

f = tn,0, ■ ■ ■ , tn,2" = S. 

By Lemma 2.2, (2) implies that there exists open intervals 

■^tn,0 ■>•••■> ■^tn,2'n- 

such that 

Xo e n Ur^ c n t/, (3) 

where 

Ur^ = {xeC',\x{tnj)elt^„ 0<j<2-}. 

By (3), Xq G ?7r„, and hence Theorem 2.4 implies that 

xoitnj) = 0(ao,&o,a;°)(tni) = (^^;^(a;°)(tn,) = ^„,(a, 6, 7r„(u;0)) G < j < 2^. (4) 

By Theorem 2.4, the function (a, b, uj) i— > 9nj (a, &, 7rn(a;)) is continuous on L x O, hence (4) 
implies that for each < j < 2"^, there exists an open sets Vnj in L and Wnj in Q such 
that 

(ao,6o,a;°) G V^j x W^j and 6'„j(a, &, 7r„(a;)) C It^., (a, 6, a;) G Fnj x W"„j-. (5) 
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Define 

2" 

Then X is open in L x Q and (ao,6o,^°) e X. Let {a,b,uj) G X and < j < . Then 
(5) imphes that 

(j){a,b,u;){tnj) = (f^ll{u){tnj) = e^j{a,b,7Vn{uj)) G It^.. 

Consequently, because < j < 2"^ is arbitrary, (3) imphes that 

0(a, b, u) = cpP'.iu) e A^;^ n C/,„ c n Ur^ c u. 

Because a; G W is arbitrary, we see that statement (1) holds. Therefore (p is continuous on 
L X O. I 

Definition 2.7. Fix < r < s. For n > 1, define 

V 

= y« ulrj, 



°° A 



n=l 

V V 



n=l 

^^^ = [0,1]^^ 

V 



n'^ = [0,1 



JVow deEne the functions 



V V 

A ^ A A 

as follows. For ojeQ ^, de£ne to =7t (a;) G by 

A 

V ^ V V 

where t E . For to eQ ^, dehne to =7r {to) G fi^ by 

V 

where t G V^. Finally, for arbitrary a,b E R, define 

A^^„ = {arG A^|a;(r) = a}, 
A'/ = {xeA'^\x{s) = b}. 
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Definition 2.8. Let < r < s be arbitrary. For arbitrary a e R define 

K,a = [a - c{s - r),a + c{s - r)]. 
We shall assume that for every a eR, we are given a continuous function 

: [0, 1] ^ 

onto Moreover, we will assume that the mapping 
is continuous on the set 

{(a,r,s,0|ae R,0<r<s,ee [0,1]}. 

For a e R, define 

A 

s .r\ s A s 

r'r,a -i' r -'V,a 

hy 

A ^ A 

wiere a; e f2 ^, and h = X^ g^{cUs). For 6 e R, dehne 

by 

where uj eQ ^, and a — bi'^r)- For a e R and cu eQ ^, if b = X^^g^{u!s), then b e /^^j, and 
hence 

a — c{s — r) <b<a + c{s — r), 

that is 

\b — a\ < c{s — r). 

It follows from Proposition 2.1 that P/'^ ^ Hence by Proposition 2.4, we see that 

A similar argument shows that for 6 e R and cu ^, if a = X^ bi'^s), then 
Consequently, for a, 6 e R, we have 

A 

S . Q S A S 

r'r,a • r -'V,a) 

(/?^'^ : ^ ^ A^'^ 
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Theorem 2.6. Let < r < s be arbitrary. Then for any a,b E R, the functions 

A 

are onto. 

Proof. Fix a, 6 e R. Let x e A*^^, and set d — x{s). Then 

\d — a\ = \x{s) — x{a)\ < c{s — r), 
hence we have \d — a\ < c{s — r), i.e., 

a — c{s — r) < d < a + c{s — r). 

It follows that d e /^^. By Definition 2.8, the function A* ^ : [0, 1] — > 7*^ is onto, hence 

there exists Us £ [0,1] such that d = X^^^{us)- Because x e A^,^, we have x e A^'^, 
therefore Theorem 2.3 implies that there exists cv e flf. such that x = (pp^{uj). Define 

A ^ 

o; e ^ by 



A 



ut, ifteV^; 

Us, 11 t = S. 



Then n (cu) = uj, and hence 



A ,A, 



Because x e A^ ^ is arbitrary, this proves that (pf. ^ is onto. A similar proof shows that ^pp^ 
is onto. I 

Theorem 2.7. Let < r < s be arbitrary. Define 

4>'^:Rxn'^^ AP 
J ^ : R X f2 ^ ^ A^ 

by 

l;{b,u)=^P\u), {b,u)eRxnp 

A V 

Then (f) ^ and (f) ^ are continuous. In particular, for a,b & R arbitrary, the functions 

A 

S . Q S A S 

r'r,a • r -'V,a) 

^P^ -.ni^ AP^ 

are continuous. 
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^ ,A 



Proof. For (a,t<;) G R x f2 ^, and define b = A^ „(a;s). Then 

J^(a,(i)) = (^^,„(ci)) (1) 

= 0^(a,6,7r (^)) 

A 

By Theorem 2.5 the function 0^ : x 17 ^ — > A® is continuous, and by Definition 2.8 the 
function 

is continuous. Hence we see that the function 

A 

is continuous. Therefore, (1) imphes that the function * is continuous. A similar argu- 

V 

ment shows that the function * is continuous. | 

Definition 2.9. Let r > be arbitrary, and let m be the smallest integer such that m> r. 
let a & R be arbitrary. De&ne 

Cr = {x : [ r, +00 ) — > R I a; is continuous on [ r, +oo ) }, 
Ar = {x & Cr\\x{v) — x{u)\ < c\v — u\, for all u,v & [r,+oo)}, 
K,a = {x e K\ x(r) = a}, 



A A 1 1 A . , ^ 

Vr=VT^\J V]-^\ 

j=m 
A ^ 



For CO e tlr, define Tir,m (<^) l"^) 



A 



.A. 



Let a; e fij. be arbitrary. DeGne (pr,a{^) by induction as follows. 

¥'r,a(<^)W = 'fmV{T^m,m+l {^)){t), b ^ lfir,a{i^){m) , [m,m+l]. 
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Now assume that (fir,ai^) has been defined on [j, as above, where j > m. Then define 

(fir,a{^){t) = fjXl,di^j+hj+2 d = (fir,a{^)U + 1)> ^ ^ [J + 1> J + 2]. 

Because the ranges of the functions (^^^j, ^mX^' '^i+i d — ''^) respectively, A'!^^, 

A 

(fir, a '• ^ -^rjO- 

Theorem 2.8. Let r > be arbitrary. Give the set Cr the compact-open topology, and 
give Aj. C Cr the induced subspace topology. Define the function 

A A 

(j)^: R X Oj-— >• 

by 

(t)^ {a,Lo) = (pr,ai^), (a,<^) e R X fij. . 

A 

Then 0^, is continuous. In particular, for fixed a e R, the function 

A 

is continuous. 

Proof. Note first that the compact-open topology on Cr coincides with the topology of 
compact convergence on Cr (see [M]: Theorem 5.1). Recall that a basis for the topology 
of compact convergence on Cr consists of all sets of the form 

Bc{xo, e) = {x & Cr\ sup \x{t) — xo{t)\ < e}, 

tec 

where e > is arbitrary, and C is and arbitrary compact subset of [r,oo). Therefore, to 

A A ^ 

show that (f)r is continuous on R x $7^, it suffices to show that for arbitrary {ao,u! ^) e 

A ^ A 

R X Qrj if xq = (j)^ (ao, °), then for every e > and for every compact subset C of [r, oo), 

A 

there exists an open subset W oiKx VLr such that 

(ao,^°)eW^ and 4>r {W) Q Bc{xo,e). (1) 

To this end, let m be the smallest positive integer greater than r. Let e > be arbitrary, 
and let C be any nonempty compact subset of [r, oo). Then there exists a positive integer 
k > m such that C C [r, + 1] . We claim that there exist positive numbers 

< Sr, em, • • • Cfe, efc+i = e, 

and open subsets 
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having the following properties, where 

Ir ^ {xo{r) - €r,xo{r) + er) and Ij = {xo{j) - ej,xo{j) + ej), m<j<k+l. 

Cr < ej, m < j < k + 1; (2) 
€j < Gj+i, m<j<k; (3) 

TTr.m °) £ and ^{Ir X W^) C S[^^^](a;o, em); (4) 

TTjj+i (a; °) e W;,- and x Wj) C B[jj+i](a;o, ej+i), m < j < k. (5) 

To prove the claim, we first use "backward induction" on j to define ej and Wj for m < 
j < k, in such a way that (3) and (5) hold. By Theorem 2.7, the function 

J+i : R X nl-^^^ A^+i 

is continuous. Hence there exists an < e/s < e^+i = e and an open subset Wk C Vt ^"'"^ 
such that 

7rfc,fe+i (a; °) e W^fc and ^+^(4 x W^^) C ,fe+i](a^o,efc+i)- (6). 

This defines and VF^. Clearly, (6) implies (5) for the case where j = k. Also, (3) clearly 
holds for j = k. 

Now assume that m < j < k, and that ej and Wj have been defined in such a way 
that (3) and (5) hold for j. By Theorem 2.7, the function 

0^_,:Rx n^_i-Aj_i 

A . 

is continuous, hence there exists an < ej_i < ej and an open subset Wj-i of Q such 
that ^ 

°) e Wj-i and X C S[,_i,,](xo,e,). (7). 

This defines ej-i and Wj-i. It is clear that (3) holds when j is replaced by j — 1. Also, 
statement (7) implies that (5) holds when j is replaced by j — 1. It follows from backward 
induction on j that (3) and (5) hold for all m < j < k. We now define e^. and Wr in such 
a way that (2) and (4) are true. By Theorem 2.7, the function 

0;":Rx n;"^A;" 

is continuous at {xo{r),7rr,m °))- Hence there exist < er < em and an open subset Wr 
of 1} such that 

7rr,m °) e Wr and 'P'ilr X Wr) Q B[r,m]ixo, ^m)- (8). 

This defines er and W"^. Because er < e^, (3) implies (2). Clearly, (8) implies (4). 
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To prove (1), define W as follows. 

A 

W = Ir X {Wr X ■ ■ ■ X WkX ^k+l)- 

A 

Then W is open in Rx Qj,. By (4) and (5) we see that 

^r,m °) e Wr and °) G Wj, m < j < k. 



It follows that 



(ao,^°)eW^. 



A 

Now let X E (f)j. (W) be arbitrary, say 



A 

By definition of 0^, we have 



x|[r,m] =0^ (a,a))|[r,m] = (/?;?^a(7rr,m (t^))- 
Because iTr^m ^ W^r and a;(r) = a e W^, (3) and (4) together imply that 

X\[r,m] = (p'^a{^r,m {^)) 



A 



e4>T{ir^Wr) 

Q B[r,m]{xOi Cm) 
^ B[r,m]{xQ,e). 

Therefore, we have 

x|[r,m] e Byr,m]{xo,em) C S[^^^](a;o,e). 

We claim that 

J + 1] e ^b'.i+i] (a^o, ej+i) ^ -B[jj+i] (xo, e), m<j< k. 
We prove this claim by using induction on m < j < k. By (10), we have 

\x{m) - xo{m)\ < em, 
hence x{m) e Therefore, by (9), 
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It follows from (5) and Definitfon 2.9 that, with b = (pr,ai^)iiTT') = x{m), we have 

x\[m,m+l] = (pZ!b\^rn,m+l (<^)) 

= i^+\b,nm,m+l (^)) 

^ B[m,m+l]{XO, ^m+l) 

Therefore (11) holds for j = m. Assume that (11) holds for m < j < k. Then by (11), 
\x{j + 1) — xo{j + 1)1 < ej+i, and hence x{j + 1) € Ij+i- Consequently, by (9), we have 

{x{j + l),7rj+ij+2 {^)) e Ij+i X Wj+i. 
It follows from (5) and Definitfon 2.9 that, with d = (pr,a{^){j + 1) = + 1); we have 

X\[j + 1, j + 2] = ip^'ll^^{Wj+ij+2 (^)) 

= 5+i(^'^i+iJ+2 (^)) 

That is, 

x\[j + lJ + 2] e 5[j+ij+2](xo,ej-+2) C By+-^j+2]{xo,€). (12) 

Statement (12) is just statement (11) with j replaced by j + 1. Hence, by induction, (11) 
holds. Now, (10) and (11) together imply the following statements. 

x\([r,m]nC) e B[r,mixo,e); (13) 
x\{[j,j + 1] n C) e %,+i](a;o, e), m < j < k. (14) 

k 

Because C C [r, m] U IJ [j,j + 1] = [r, A;+ 1], we see that (13) and (14) together imply 

j=m 

that 

X e Bcixo,e). 

Because x eW is arbitrary, we see that (1) holds. This completes the proof that 

A A 

is continuous in the compact-open topology on A^,. | 

proclaim Theorem 2.9. Let r > be arbitrary. Then the function 

A A 

0^: R X Ar 
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is onto. 

Proof. Let m be defined as in Theorem 2.8. Let x e Ar- Then x\[r, m] e A^^^^^^, hence by 

A ^ 

Theorem 2.6, there exists uj E such that, with a — x{r), we have 



A ■ ^ -1-1 

Now let J > m be an arbitrary integer. By Theorem 2.6, there exists an a; ^ ^ ^ j ^^^^ 
that 



Define cue fi^. by 
We claim that 



a; = (a; ,0l> , . . . ,0l> , . . .). 



x = cPA^)- (1) 
To prove this claim, note first that by Definition 2.9, for t G [r, m], we have 

x{t) = {x\[r,mm = ^Zi^nit) (2) 

= ^^^{^r,m (^))(t) 
A ^ 

Define o? = Vr,x{r) 

(a;)(m). Then by (2), we have d — x{r). Hence by Definition 2.9, for 
t e [m, m + 1] , we have 

x{t) = (x|Km+ l])(t) = vZ^m)^^ 

= VZMm)i^rn,m+l (^))(t) 

A /\ 
= <f>r 

To finish the proof of the claim (1), we will prove by induction on j > m that 

a;(t) = 0, (a,^)(t), te[jj + l]. (4). 

Statement (3) implies that (4) holds for j = m. Assume that (4) holds for some j > m. 
Define h — ipr,a{^){j + !)• Then, by the induction hypothesis, we have 

x{t) = {x\[j 2])(t) = '+'m (5) 
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^ A 

Statement (5) is obtained from statement (4) by replacing j in (4) by j + 1. Hence (4) 
holds by induction on j > m. Now statements (2) and (4) together imply (1). Because 

A 

X & Ar is arbitrary, we have proved that 0^ is onto. | 
Definition 2.10. Let < r < s be arbitrary. Define 

A 

Assume that we are given a function 

Ar : R ^ R 

sucli tliat Xr is continuous and onto. Tlien define tie functions 

as follows. ^ 

(f^{a,u) = (fi-^^f^iu), b=Xria), (a,w)eO^, 

ifj.{a.,u}) = ifj.,b{'^)i b—Xr{a), {a,uj)&Qr- 
Theorem 2.10. Let < r < s be arbitrary. Then the functions 

are continuous and onto. 

Proof. To prove that cp^ is onto, let x E Af.. Because is onto, there exists an a G R such 

A ^ 

that Xr{a) = x{r). Define b = x{r), then by Theorem 2.6, there exists cu e Q ^ such that 

Because x is arbitrary, this shows that is onto. A similar argument shows that (pr is 
onto. 

A ~ 

To show that (p^ is continuous, let {a,u>) & Q ^. By assumption. A,, is continuous, 
and by Theorem 2.7, the function 

^ : R X n'^^A'^ 
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is continuous, therefore, for {s,u>) G f2 ^, the function 

A ^ A ^ A 

(a, a;) i-^ *(A^(a),a;) = *(&,a;) 

S I ^\ 

is continuous. Thus, (ff. is continuous. A similar argument shows that (fr is continuous. | 



3. CONSTRUCTION OF THE MEASURES 



In this section we use standard results from topology and measure theory to construct the 
families of regular Borel measures mentioned in (2) and (3) of the introduction. 

Theorem 3.1 (Ascoli's theorem). Let X be a locally compact Hausdorff space; let 
[Y, d) he a metric space. Let C{X, Y) be the space of all continuous functions from X 
to Y, and consider C{X,Y) in the compact-open topology. A subset T of C(X, 1") has 
compact closure if and only if T is equicontinuous and the subset 

^. = {/(^)l/e^} 

ofY has compact closure for each x E X. 
Proof. (See [M]: Theorem 6.1.) | 

Theorem 3.2. Let < r < s he arbitrary, and let (a, b) e L^. Then each of the following 
function spaces is equicontinuous: 

AS,6 AS AS,6 A A'' A 

Proof. We show that A^'^ is equicontinuous. The proof that remaining spaces are equicon- 
tinuous is similar. We show that A^'^ is equicontinuous at each point to G [r, s] . Let e > 

be arbitrary, and set 6 = -. Then for all x e A*'^ and all t e [r, s] fl {to — 6,tQ-\- 6), we have 

c 

\x{t) — x{to)\ < c\t — to\ < cS = e. 

Thus, A^'^ is equicontinuous at the arbitrary point to ^ [^^ s], hence A^'^ is equicontinuous. 
I 

Theorem 3.3. Let < r < s he arbitrary. Then for arbitrary (a, b) E L^, Ap'^, Af. A^'^, 
and A^ are compact in the uniform topology. If a E R is arbitrary, then Aj.,a is compact 
in the compact-open topology. 

Proof. To prove that A^'^ is compact in the the uniform topology, note first that the 
compact-open topology on A^'^ coincides with the topology of compact convergence, and 
because [r, s] is compact, the topology of compact convergence on A^'^ coincides with the 
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uniform topology (see [M]: Theorem 4.6). Therefore, it suffices to prove that A*'^ is 
compact in the compact-open topology. To this end, let t e [r, s], and let x e A^'^. Then 
we have 

\x{t)\ = \{x{t) - x{r)) + x{r)\ (1) 

< \x(t) - x(r)\ + \a\ 

< c(t - r) + \a\. 

Now define J-' — A^'^, and define J-'t — {x{t)\x e JF}. Then (1) implies that J-'t is 
bounded, and hence it has compact closure. By Theorem 3.2, is equicontinuous, and 
hence Ascoli's theorem implies that has compact closure in the compact-open topology, 
that is, JF = Ap'^ is compact in the compact-open topology. A similar argument shows 
that the spaces A^^ and A^ are compact in the uniform topology. 

Now let a G R be arbitrary. Define Q — Ar^a- Let t G [r,+oo) be arbitrary, and 
define Qt — {x{t) \ x e G }. Then (1) implies that Qt has compact closure. By Theorem 
3.2, Q is equicontinuous, and hence by Ascoli's theorem, Q = A^^a is compact in the 
compact-open topology. | 

Theorem 3.4. Let < r < s be arbitrary. Then the space A* is locally compact in the 
uniform topology, and the space Ar is locally compact in the compact-open topology. 

Proof. As in the proof of Theorem 3.3, the uniform topology on A^ coincides with the 
compact-open topology, hence it suffices to show that A* is locally compact in the compact- 
open topology. To this end, let xq G A^ be arbitrary. Let e > be arbitrary, and define 

C = {r}, U — {xo{r) — e, xo{r) + e). Then the set 

S{C, U) = {xeA'^\ x{C) C [/ } = { x G A^ I |a;(r) - a;o(r) I < e } 

is a basis element in the compact-open topology on A*, and this basis element contains 
xq. We claim that S{C, U) has compact closure; and hence, because xq G A* is arbitrary, 
A^ is locally compact in the compact-open topology. To prove the claim, let x G S(C, U), 
then we have 

\x{r)\ = \{x{r) - xo{r)) + xo{r)\ (1) 
< \x{r) - xo{r) \ + |xo(r)| 
<e + \xo{r)\. 

Hence, for any t > r, we have 

\x{t)\ = \{x{t) - x{r)) + x{r)\ (2) 

< \x{t) — x{r)\ + \x{r)\ 

< c{t - r) + \xo{r)\ + e. 

Define = S{C,U). Then (2) implies that J^t has compact closure. By Theorem 3.2, 
is equicontinuous, and hence, because t > r is arbitrary, Ascoli's theorem gives that 
JF = S{C, U) has compact closure in the compact-open topology. Thus, A^ is locally 
compact in the compact-open topology. A similar argument shows that A^ is locally 
compact in the compact-open topology. | 
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Theorem 3.5. Let < r < s be arbitrary. Give the space the uniform topology, and 
give the space A^ the compact-open topology. Assume that the function : R — ^ R in 
Definition 2.10 has the property that if C is any compact subset of R, then X~^(C) is 
compact. Then for any compact subset A of A^ and any compact subset B of Aj., the 
following sets are compact: 

{v:.)-\A), ^-\B). 

Proof. Let A C A^ be compact. By Theorem 3.2, A^ is cquicontinuous, and hence A is 
also cquicontinuous. Ascoli's theorem then implies that the set 

Ar = {x{r) \ x e A} 

has compact compact closure. Therefore there exists a > such that \x{r)\ < d for 

aU X e A. Now let {a,u)) e Then (/?*(a,a)) e A. By Definition 2.10, with 

b = Xr{a), we have 

<Pr{a,^){r) = Vr,bi'^){r) = b = Xr{a). 

It follows that |Ar-(a)| — \ipf.{a,u!){r)\ < d, i.e., a G X~^{[—d,d\). The set X~^{[—d,d\) 
is, by assumption, compact, hence there exists an /i > 0, depending only on d, such that 

A~^([— rf, c(|) C [— /i, /i], which implies that a e [—h,h]. Because {a,uj) e {(p^)~^{A) is 
arbitrary, we see that 

i<p',)-\A)C[-h,h]xn^,. 
By Theorem 2.10, the function (pf. is continuous, there {(p^)~^{A) is a closed subset of the 

A 

compact set [—h,h] x It follows that {ip^)~^{A) is compact. Similarly, ip~^{B) is 

compact whenever S C A^ is compact in the compact-open topology. | 

Definition 3.1. Let X and Y be locally compact Hausdorff spaces, and let ip be a con- 
tinuous function from X onto Y. Let (X, A^^u, fx) be a measure space constructed from a 
nonnegative linear functional on X via the Daniell approach (see [HS]: §9j. Assume that 

one of the following conditions holds. 

(a) ip~^{F) is compact in X for every compact subset F ofY. 

(b) iJi{X) < +00. 

Let C{Y) be the space of all continuous complex- valued functions on Y, and let Coo(^) 
be the set of all / e C{Y) such that / has compact support. Then for any / e Coo{Y), 
/ o e jCi{X, M/j,, /i), and hence the mapping 

J{f) = Jf° V'(^) dfx{x) 

X 

is a nonnegative linear functional on Cqq{Y). Hence we may construct a measure space 
(y, Mui J^) from J via the Daniell approach. We then have 

/ f{y)dp{y) = j fo^p{x)dii{x), feCoo{Y). 

Y X 
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The measure v is said to be the image of the measure ii under the continuous function if;. 

Theorem 3.6. The measure v constructed in DeGnition 3.1 has the following properties, 
(a) For all a-Gnite u-measurable subsets B ofY, 



iy{B) = t,{i;-\B)) = J xo i^{x) dfx{x) 



X 



(b) For every f e Ci(Y,M^,u), f o ijj e jC-iiX, M^, i^) and 

J f{y) diy{y) = J f otl;{x)dfj.{x). 



Y X 



Proof. See [HS]: Theorem 12.46. | 

Theorem 3.7. Let X be a locally compact Hausdorff space and let u be a regular measure 
defined on a a-algebra A of subsets of X such that {X, A, v) is a complete measure space. 
Suppose that E E A if and only if E H F E A for every compact set F C X . Dehne I on 
CooiX) by 

Hf)- [ f{x)dy{x). 



X 

Let {X,M.i, i) be the measure space constructed from I via the Daniell approach. Then 
A = M, and u{E) = i{E) for all E e M,. 

Proof. (See [HS]: Theorem 12.42.) | 

Definition 3.2. Let < r < s be arbitrary, and let {a, h) e be arbitrary. Define 

rrij,, m J,, m j., rrir, (1) 
to be normalized Lebesgue measure, respectively, on the following product spaces: 

n'^, n'^, n'^, nr. (2) 

Let 



be Lebesgue measure, respectively, on the following product spaces: 

n'r, Qr- (3) 

Finally, let 



A V A ~ ~ 

/-S ^ S p p S Q 



be the respective a-algebras of Lebesgue measurable subsets of the product spaces given 
in (2) and (3). Let {X, A, f) denote any one of the following measure spaces. 

iSK.Cl.rr,^, {^IXl.mD, (17^,£^,m^), (f]„£„m,), (fi^,£^,m^), (li„2„m,). 
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Then {X, A, v) satisfies the hypothesis of Theorem 3.7, and hence in Definition 3.1 we may 
take {X, Ai^, fi) = {X, A, v). The measures in (1) are probabihty measures, and hence the 
we may apply Definition 3.1 to the foUowing functions. 

sb s sb s ^ s s sb s sb ^ 

Therefore we may use these functions to construct, respectively, the image measure spaces: 

(KllMt^^ltla), {Ka.M',,^i;j, (A^'^>^^,/i^'^), iAr,a,M r,^^r,a). 

According to Theorem 3.5, the functions 

satisfy condition (a) of Definition 3.1, and hence we may use these functions to construct, 
respectively, the measure spaces: 

(A^,M ^,//*), (Ar,M r,f^r)- 

This completes the definition of the measure spaces 

iK:lMt,fiP',), {K,aMl,l^l,a). iAp\M%f^p'), 
A ^ ^ 

{Ar,a,M r,l^r,a), {Ar , M ^ , IJ'r) , {Ar,Mr,l^r)- 



4. UNIFORM MEASURE ON A° 

In this section we select the functions 

: [0, 1] - K,a ■■ [0,1] ^ I'r,a, A, : R ^ R 

to be, respectively, the unique affine mappings of [0, 1] onto J^'^, and the identity 
mapping on R. These mappings give rise to "the uniform probability measure on" A° and 
"Lebesgue measure" on A°. 

Definition 4.1. Let < r < s be arbitrary. Let (a, b) be any pair in L^. For ^ e [0, 1], 
define 

{[{a-b) + c{s-r)]^ + b- ^c{s-r), a < b; 
[{b-a) + c{s-r)]^ + a- lc{s-r), b < a, 

A^,„(0 =2c(s-r)e + a-c(s-r). 
Then the afhne function 

K',a '■ [0) 1] ~^ Kla 
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satisfies the conditions of Definition 2.3; and tie affine function 

K,a '■ [0' 1] ^r,a 

satisfies the conditions of Definition 2.8. Hence we may use the functions A*'^ and A* ,j to 
construct the mappings 

sb s sh s ^ s s sb s sb ^ 

By Definition 3.2, these mappings give rise to the following image measure spaces. 

(A^;^,A<^,^^;^), (A^,„, ^, J, {K^MUf^'/), {Ar,a,M r, fir,a). (1) 

We call each measure X° in (1) the uniform probability measure on A°. Define 

A^. : R — R 

by Xr{^) = ^, ^ G R. Then Aj- satisfies the conditions of Definition 2.10. Hence, according 
to Definition 3.2, the functions 

Kla ■■ [0, 1] - K,a ■■ [0, 1] - A, : R ^ R 

give rise to the following image measure spaces: 

{K,M;,I^;), {Ar,Mr,f^r). (2) 

The measures A° in (2) are called Lebesgue measure on A°. 
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